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1 Introduction

Deformed quantum field theories have been subject to renewed attention in recent years
due to their natural appearance in string theory. Initial investigations focussed on theories
on non-commutative spacetime in which the commutators of the spacetime co-ordinates
become non-zero. More recently [1-9], non-anticommutative supersymmetric theories have
been constructed by deforming the anticommutators of the Grassmann co-ordinates 6%
(while leaving the anticommutators of the i unaltered). Consequently, the anticommuta-
tors of the supersymmetry generators @, are deformed while those of the @, are unchanged.
It is straightforward to construct non-anticommutative versions of ordinary supersymmet-
ric theories by taking the superspace action and replacing the ordinary product by the
Moyal #-product [10] which implements the non-anticommutativity. Non-anticommutative
versions of the Wess-Zumino model and supersymmetric gauge theories have been formu-
lated in four dimensions [10, 11] and their renormalisability discussed [12-17], with explicit
computations up to two loops [18] for the Wess-Zumino model and one loop for gauge the-
ories [19-23]. Even more recently, non-anticommutative theories in two dimensions have
been constructed [24-28], and their one-loop divergences computed [29, 30]. In ref. [31] we
returned to a closer examination of the non-anticommutative Wess-Zumino model (with
a superpotential) in four dimensions, and showed that to obtain correct results for the
theory where the auxiliary fields have been eliminated, from the corresponding results for
the uneliminated theory, it is necessary to include in the classical action separate couplings
for all the terms which may be generated by the renormalisation process; and finally in
ref. [32] we extended this analysis to the gauged U(1) case.

In ref. [23] we considered the renormalisation of an N' = % theory with a superpotential
(for the case of adjoint matter) and with a mass term (for the case of matter in the
fundamental and anti-fundamental representations); note that N' = % supersymmetry does
not allow a trilinear term in the latter case. We found there were obstacles to obtaining
a renormalisable theory with a superpotential in the adjoint case. The requirements of



N = 1 invariance and renormalisability impose the choice of gauge group SU(N) @ U(1)

(rather than SU(N) or U(N)) [19, 20]. In the adjoint case with a trilinear superpotential,
the matter fields must also be in a representation of SU(/N)®@U(1). The problem is that the
potential part of the classical action contains terms with different combinations of SU(NNV)
and U(1) chiral fields which mix under A" = 1 supersymmetry, but for which the Yukawa
couplings renormalise differently, at least in the simplest version of the theory. However,
recently an elegant solution to this problem has been proposed [33] in which the kinetic
terms for the U(1) chiral fields are modified, in such a way that the SU(/N) and U(1)
chiral fields (and consequently their Yukawa couplings) renormalise in exactly the same
way. The authors of ref. [33] worked in superspace; our purpose here is to confirm that a

similar procedure can be carried out in the component formalism.

2 The classical adjoint action

In this section we present the classical form of the adjoint N' = % action with a superpoten-

tial in the component formalism, including the modifications suggested in ref. [33]. The ad-
joint action was first introduced in ref. [11] for the gauge group U(V). However, as we noted
in refs. [19, 20], at the quantum level the U(NN) gauge invariance cannot be retained since
the SU(N) and U(1) gauge couplings renormalise differently; and we are obliged to consider
a modified N = % invariant theory with the gauge group SU(N)®U(1). In the adjoint case
with a Yukawa superpotential, it turns out that the matter fields must also be in the adjoint
representation of SU(N)® U(1). The classical action with a superpotential may be written
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where
AF — \AfA (FAYBC — pBAC
)\D — )\ADA’ (DA)BC’ _ dABC’ (22)

(similarly for D¥| F ﬁ), and we have

Du¢ = u¢ + iAﬁ(b,
ij = 9,A7 — ayAf} - fABCAfAS , (2.3)

with similar definitions for D4, D, A. If one decomposes U(N) as SU(N) ® U(1) then our
convention is that ¢¢ (for example) are the SU(IN) components and ¢° the U(1) compo-

nent. Of course then fAB¢ = 0 unless all indices are SU(N). We note that d**0 = ,/ %5“",

d%0 = \/%. (Useful identities for U(V) are listed in the appendix.) We also have

e = %, e = %, 0 = ¢ = 0. (2.4)
) 90

Compared with our previous work such as ref. [23], we have absorbed a factor of g into
our definitions of the fields in the gauge multiplet. For simplicity of exposition we shall
omit (here and elsewhere) terms which are N' = % supersymmetric on their own (such as
terms involving only ¢, A and/or F). Such terms are present in the action as obtained by
reduction of the superspace action to components, and they are also generated by quantum
corrections even if omitted from the classical action; but they do not add to our under-
standing of the renormalisability of the theory, which is our main concern here. They were
considered in full in refs. [33]; and indeed we included them ourselves in refs. [19, 20]. We
have, however, taken the opportunity of including here some additional sets of terms (those
multiplied by k1_5) which will be required for renormalisability of the theory. Each of these

sets of terms is separately N' = % invariant. Note that for the chiral field kinetic part of

the action in eq. (2.1), FF = FipA —F'pe 4 FOFO, etc; the U(1) part F'FO could have
been combined with that in the (k — 1) part of the action, as could the kinetic terms with
#° and 1°, with some attendant simplification. We have left the action in its present form
to facilitate comparison with ref. [33].

It is easy to show that eq. (2.1) is invariant under

5Aﬁ = —iXAEﬂe

1 B _
N = iea DA + (o™€), | F2 + giC’WdABC)\B)\C . N, =0,

«

SDA = —EO"LLD“XA,

8¢ = \V2ep, 66 =0,
S = V2 F, 6y = —iv/2(D,d) (€M),
SFA =0,

SF* = —iv2D, 0" 5" — 2i(geXF ) + 20 D, (6" ea, (N )AB). (2.5)



In eq. (2.1), C* is related to the non-anti-commutativity parameter C*? by
O = CFeg ot (2.6)
where
ol = 1(U“E” —o’a"),
ot = i(?“a” —a’ch). (2.7)
Our conventions are in accord with [10]; in particular,
olc” = -t + 201, (2.8)
Properties of C' which follow from eq. (2.6) are

1
P = e (™), PCp,
Cuvgmﬁ. ZCJU“W',

CmEsh = —CP GH, (2.9)

We use the standard gauge-fixing term

1
Syt = g/d‘lx(G.A)Q (2.10)

with its associated ghost terms. The vector propagator is given by

1 Pubv '\ ; _1\AB
N e (W +(a—1) ;2 > (o (2.11)

The scalar propagator is

1
AL = —FPAB (2.12)
where
1
P =gt pPP=— pr=p0=q, (2.13)
K
the fermion propagator is
AAB _ Pulas pAB 914
Yad T p2 ) ( . )

where the momentum enters at the end of the propagator with the undotted index, and
the auxiliary propagator is

A48 = pAB, (2.15)



3 Renormalisation

The bare action will be given as usual by replacing fields and couplings by their bare
versions, shortly to be given more explicitly. Note that in the NV = % supersymmetric
case, fields and their conjugates may renormalise differently. We found in refs. [19, 20]
that non-linear renormalisations of A and F were required; and in a subsequent paper [34]
we pointed out that non-linear renormalisations of F, F are required even in ordinary
N = 1 supersymmetric gauge theory when working in the uneliminated formalism. The
renormalisations of the remaining fields and couplings are linear as usual (except for x,

K1-5, see later) and given by

— 1_ 1 1 1

Np =220\, Al = Z3A% ¢y = Z2¢", Wh = Z20",

— 1_ — 1_

Op =229, AR 98 = Z49, yp = Zyy,
CMV == ch‘uy, (I{ - 1)3 == ZH(I{ - 1), K1-5B — Z1,5. (31)

The corresponding U(1) gauge multiplet fields 2 ete are unrenormalised; so is gg. The
renormalisation constants for the U(1) chiral fields will be denoted Z,o etc and discussed
later. In eq. (3.1), Z1_5 are divergent contributions; in other words we have set the renor-
malised couplings k1_5 to zero for simplicity. The anomalous dimensions Z) etc, and the
renormalisation constants for the couplings g, y, C and (k—1), start with tree-level values of
1. (The slightly non-standard definition of Z, is once again to make our results correspond
more closely with those of ref. [33].) The one-loop graphs contributing to the “standard”
terms in the Lagrangian (those without a C*") are the same as in the N' =1 case, though
we must now take into account the x dependence of the propagators for the U(1) chiral
fields, as seen in eqs. (2.12), (2.14) and (2.15); however, the anomalous dimensions for the
gauge-multiplet fields and hence the gauge (-functions are the same as in the standard
N =1 theory. Since our gauge-fixing term in eq. (2.10) does not preserve supersymme-
try, the anomalous dimensions for A}, and A\* are different (and moreover gauge-parameter
dependent), as are those for ¢% and ¢®. However, the gauge [-functions are of course
gauge-independent. We therefore have, at one loop [35]:

Zy =1-2¢°NL(3 + a),

Za=1-¢’NL(3 + a),

Zp =1—-6¢°NL,

Z,=1-2¢’NL, (3.2)

where (using dimensional regularisation with d = 4 —¢€) L = ; the results appear

1
1672¢
different from those in ref. [35] and indeed our earlier paper ref. [23] due to our absorption
of the factor of g into the gauge multiplet fields.

The divergent contributions corresponding to (for instance) the scalar kinetic terms

take the form

L <—tr[l§APDBP]yy8“$A3M¢B +2g%(1 - a)a%“ama)



=1L {—yy [N + i(1 - /{)] +2¢%(1 — a)} "G 0,0"

Nk
oLy [N + ﬁ(l — K )] 046°8,,¢" (3.3)
and this must be cancelled by
- [zd)a%“auw + 2003 0,8 + Zo(is — 1) Z500" 3 0,6°) . (3.4)

(Here and elsewhere, when we mention divergent contributions, we mean divergent contri-
butions to the effective action.) We immediately find (using similar results for the fermion
and auxiliary kinetic terms)

Z¢:{ yy[N+—1—f<;}+2g 1—aN}L,
Zw:{ yy[N—l——l—/i} 1+aN}L
L.

Zr = —yy [N%— i(1 — /@)}

— (3.5)

The assignment of Z, (and Zyo, Zpo) requires more care (and note we are still at liberty
to choose Z,.). Consider the yd®™°¢®1)*1)¢ term. The only diagrams contributing to this are
gauge dependent and give (as usual)

. %(7 + 3a)LNg2ydabc¢a1/)bT,Z)c. (3.6)

We then deduce that at one loop

1 _a 1
70 = _52;) ~ 7 — (7+ 30)LNg?
3 1 3
=2 {_yy [Z\H——H(l—m)] +492N}L=—5Z§), (3.7)
where we recognise
() - 4 2N
Zy' =3—yy |N + N/<;(1 —K)| +4g L (3.8)

as the one-loop contribution to the SU(N) chiral superfield renormalisation constant. This
is in accord with the non-renormalisation theorem. (We should note that the discussion of
renormalisation of the F¢? and F_¢2 terms in the potential requires the non-linear renor-
malisations of F, F' which will be given explicitly later.) In the usual (k = 1) case,
the Yukawa terms involving (for instance) ¢%%¢¢ would renormalise differently from the
y®1p*p¢ term due to the difference between Zy and Zgo, and the different diagrams con-
tributing to the two terms, and would need a different Yukawa coupling, 3/’ say, for renor-
malisability. To be precise, we would have (in analogy with eq. (3.7), and again invoking
the non-renormalisation theorem)

1 1 1
7)) =~ 2Z§DO) z. (3.9)



@ (b)

Figure 1. Diagrams with one gaugino, one scalar and one chiral fermion line (and two Yukawa
couplings); the dot represents the position of a C.

On the other hand, the N' = % supersymmetry transformations mix these two groups of
terms and require them to have the same coupling. It therefore seems impossible to achieve
simultaneously both renormalisability and N = % supersymmetry. The ingenious solution
suggested in ref. [33] is to exploit the presence of x to adjust Zgo to match Zg. This
then guarantees that y and y’ may be identified. Moreover we note that the difference
between Zg and Zyg, Zy is due solely to the choice of a non-supersymmetric gauge; the
gauge-independent terms are the same, and since there are no gauge interactions for the
U(1) fields anyway, we have

Ty = Zyo = Zao. (3.10)
We then find from egs. (3.3), (3.4), and (3.8)

4°Nk  yyN(k —2) 2y5(2k% — Kk — 1)
z0) — _ — . 3.11
" k—1 * k—1 Nk? (3:-11)

We have now dealt with the majority of the renormalisations of fields and couplings.
The remaining non-linear renormalisations of A\, F' and F are largely determined in order to
cancel C-dependent divergences; though as we have emphasised, a non-linear renormalisa-
tion of F and F is required in the usual A" = 1 (C' = 0) case, and we shall quote the result
of ref. [34]. So we now need to show how the C-dependent divergences are modified in
the presence of k and check that we can choose these non-linear renormalisations, together
with k1_5, so that the theory is renormalisable. In particular we shall verify that with
our choice of Z, and the identification of Zgo with Zg, the full potential (which includes
C-dependent terms) is indeed renormalisable with a single Yukawa coupling (though this
is in principle guaranteed since the non-renormalisation theorem is known to extend to the
N = % case [13]). The relevant divergent one-loop C-dependent graphs are depicted in
figures 1-14. Figures 1-4 are graphs giving contributions proportional to yy. Figures 1-3
were not computed by us previously in the adjoint case; we did compute figure 4, but
in any case the result needs reassessing in the present case with our x-dependent action,
and will be radically different. Hence we shall shortly give a complete tabulation of the
results for figures 1-4. Figures 5-14 were all computed previously and in fact we can obtain
the results for our current k-dependent action with very simple modifications. We shall

therefore simply present the results.
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Figure 2. Diagrams with one gaugino, one scalar, one chiral fermion and one gauge line (and two
Yukawa couplings).
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Figure 3. Diagrams with one auxiliary, one scalar and one gauge line (and two Yukawa couplings).

X X'
a | tr[FAFBDC] 0
b 0 —tr[DBPDAPDC P]

Table 1. Divergent contributions from figure 1

The divergent contributions from figure 1 are of the form
V2O ygL(X4BC 9,5 N5,y C + X' 48O 3", 0,4°) (3.12)

where XABC  X'4BC are as given in table 1.
Here,
(ﬁa)ob _ (Da)bo _ KdabO (DO)OO _ Kd0007
(DMBC = g4BC  otherwise. (3.13)
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Figure 4. Diagrams with two chiral fermion lines and two scalars (and two Yukawa couplings).

Y
2itr[FADB PDC PDP]
—itr[FADBPDCPDP]
—itr[FADPPDP PDC

0

fACXtr[FX B [)D]

o |lo|Tw

Table 2. Divergent contributions from figure 2

Note that, although P derives from the chiral field propagators in egs. (2.12), (2.14), (2.15),
it is redundant when there is an F' on either side.
The divergent contributions from figure 2 are of the form

V20 yg LY AP 445 3 5, P (3.14)

YABCD

where is as given in table 2.

The contributions from figures 1, 2 add to

ole — 1 —Jax0_ N —ax0o_
it = nyCW{—5 {N - %(1 - ﬁ)} "G N5, D’ + 5 Dud N 7,0°

_ { N+ Niﬁq - m)} A (NG, D + 6 AT, D)

2 ab0—a~b_ “ —a~b_
- [N + 5zl - 52)] A" NG, 0,40° + Nd™ D, ¢"X'5,4°,

9 [ N+ ﬁu - 52)} dOOOEOXOE,,aWO} (3.15)
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Figure 5. Diagrams with one gaugino, one scalar and one chiral fermion line.

The divergent contributions from figure 3 are of the form
iy L(Z24BC 9,5 ABFC + 7/ABCG 9, ABFC) (3.16)

ABC IABC
ZABC 7

where are as given in table 3. They add to

N _ —
F:(il)pole _ z’nyC“” EdabcﬁbaFﬁch + NdabogbaFﬁyFO , (317)

where we have assumed that the pAAF diagrams which we have not computed yield the

,10,
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Figure 6. Diagrams with one gaugino, one scalar, one chiral fermion and one gauge line.

gauge completion of the ¢(0A)F terms. The contributions from figure 4 are given by

yig° LZ{BOP () By e 3"

where ZfBCD is as given in table 4. They add to

1)pol 4

— 11 —

(3.18)

(1 )| gL [t (o o5 T 4 2 (5D

(3.19)
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Figure 7. Diagrams with one gaugino, one scalar, one chiral fermion and one gauge line (continued).

Z z'

a | 2tr[FAFEDC] %tr[FAFBf)C] + %tr[f)cP[?B]jAP]
+4tr[DC PDP P]dPAB

b 0 —4tr[DC PDB PDAP]

¢ | —2tr[FAFBDC] 0

Table 3. Divergent contributions from figure 3
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Figure 8. Diagrams with one gaugino, one scalar, one chiral fermion and one gauge line (continued).

(d) (e

Figure 9. Diagrams with one gauge, one scalar and one auxiliary line.

Z1
a —tr[F¢ DB PDAPDP]
b tr[FB D PDP DA]
¢| -1 (tr[FB[)EP[)A]dCDE + 2t [FBDC PDP PDA] — tr[FBFCFDﬁA])
d 0

Table 4. Divergent contributions from figure 4
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(k) ()
Figure 10. Diagrams with two gauge, one scalar and one auxiliary line.
The contributions from figures 5-14 are listed below.
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Figure 11. Diagrams with two scalar and two chiral fermion lines.
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Figure 12. Diagrams with three scalar lines.
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Figure 13. Diagrams with three scalar, one gauge line.
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Figure 14. Diagrams with three scalar, one gauge line (continued)
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50+ VINE" TG0, A5 — (5.4 )35 5, AL

—2V2Nd G 550, A0 — 85“8“506HA3> . (3.20)

We now need to specify the remaining renormalisations, of F, F' and ), required to
cancel the divergences. The renormalisation of A\? is given by

1 1 — _
b= ZIX — SNLgCMd" o, X A} - NLyC'd™ o, X A,
+iV2r N L' d™ (Cy)'8° +ivars N Lg*d™ (Cy)°3',
A% = 20 4 V2N Lg? gad " (C) 3, (3.21)

where (C1))® = C%1pP. The coefficients of the non-linear terms on the first line of eq. (3.21)
were computed in ref. [20]); the values of 71_3 will be specified later. The replacement of
A by Ap produces a change in the action given (to first order) by

SO(AB) _ SO()\) _ NL92 / d4x{_%fbdedcaeAzachEV¢d _ fabedecoAZEbXOEywc

. abe pede 707D ¢
1 [ig?d® fGG e (Cy)
V20 4G N 5, Dyt + V20O 4™ D, "N 7,1
V20 4 (N7, 0,00 + D N 7 ,10)
+73V20H A (GNF, D + Dy N T b) 4 - } (3.22)
where the ellipsis indicates terms depending solely on gauge or gaugino fields (which were

given previously in ref. [20]).

We now find that to render finite the contributions linear in F', we also require
— — 1 —
Fyp = ZpF" + z'C’“’LgQ{N [(5 +20)9, AL — (11 +40) fdeAgAg] ¢ dbe
1 —0
+V2N [2(2 + )9 Ay = 5(5+ 20) fabCAgAg] )

+2V2N(3 + a>0uA%“} +(a+ 3)92NLiydabC¢b¢c

50+ By NLAW GG + ragPy Lf (O + -+ (3.231)
Fy = ZpF' (3.23b)
F& = ZpF* + (a + 3)g2NLi§d“bc$b$c + %(a +3)7ANLA™FE + .-, (3.23¢)
FY = ZpF°, (3.23d)

where the ellipsis stands for pA\ terms which only affect the separately N' = % independent
terms which we are omitting anyway. We should mention here that in eq. (5.5) of ref. [23]

,18,



the y¢¢ and Jpo terms in eq. (3.23a), (3.23c) were inadvertently interchanged. Writing
ZCn for the n-loop contribution to Zo, and so on, we set

ZV) = 2, L. (3.24)
We now find that with
zc=0, =1 mn=-2, 13=4,
2 = % [N+ %(1 —ff)] Yy,

4
29 = N—i‘m(l—’f)] vy,

2
z3 = |N+ N—HQ(l —’12)} Yy +49°,

4
2y = N+m(1—“)] Y7 — 497,

1
25 = 2 {N—i— W(l — ,%Q)} Yy,

Nk2?

Ty = —N + i(1 — /12):| . (3.25)

the one-loop effective action is finite. In particular, the same coupling y is sufficient for the
renormalisation of the full set of potential terms; and also the same non-anticommutativity
parameter C* is sufficient throughout and remains unrenormalised at one loop. This is in
contrast to the situation in ref. [23], where we were obliged to introduce several different
Yukawa couplings and also different C*” parameters for different groups of terms.

We note that the groups of terms involving k1_5 have an analogue in ref. [33], in the
groups of terms involving (in their notation) ¢;_5, each group again being separately invari-
ant. Explicit one-loop results are not given for t;_5; in any case, we should probably not ex-
pect precise agreement due to our different gauge choices. While on the topic of comparison
of the component and superfield approaches, we should mention the calculation of ref. [36].
There a three-field U(1) A" = 3 model is considered in the superfield context. However,
there the chiral fields are in the adjoint representation, whereas in ref. [32] we considered
a three-field U(1) A= 1 model with the chiral fields having charges g, —¢, 0. At least as
far as the non-gauge parts of the results are concerned, we appear to have agreement.

4 Conclusions

We have confirmed by a component calculation the conclusion reached in ref. [33], namely
that the general SUN) ® U(1) N = % theory with a superpotential may be rendered
renormalisable by a judicious choice of kinetic term for the U(1) fields such that the renor-
malisations of the U(1) and SU(V) chiral superfields are equal, which ensures that a single
Yukawa coupling is sufficient. This solves the difficulties which we encountered in ref. [23];

apart from restoring renormalisability, we also are no longer obliged to introduce several
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different non-anticommutativity tensors C*”, some of which require a non-zero renormalisa-
tion. C* is unrenormalised at one loop. Our component calculation is perhaps technically
simpler than the superfield one (though of course the brevity of the current paper owes
much to our exploitation of previous results in ref. [23], and the fact that we have not
computed divergences corresponding to separately N = % invariant terms). However, this
is offset by the awkwardness of the various non-linear renormalisations which are required.
We should mention that we have checked that the computation can also be carried out in
the eliminated formalism, i.e. after eliminating F, F using their equations of motion.

Since C* is now confirmed to be completely unrenormalised at one loop, it seems to
us that the most pressing direction for further investigation is to see whether this property
extends to two loops. However, C*” being a self-dual tensor, problems concerned with ex-
tending the definition of the alternating tensor ¢**#? away from four dimensions seem likely
to arise when using dimensional regularisation beyond one loop. A promising alternative
could be the use of differential regularisation [37].

A Group identities

Identities for SU(N) useful for simplifying the divergent contributions listed in the tables
are [38]

S N2 -4 IS N2 —12
DDV = ———5 DD D] = ———=d"*
tr| ] ~ 0%, tr| ] 5N a®e,
S N IS N2 —4
[P FP D) = Zd™, t[FD* D] = i,
L~ N
tI‘[FanFCDd] _ iz(dabxfcdm + dcdmfabm)7
SR N2 —12 N
t FanDch — abmdcdm dabm cdx
1
+ N(fad:vdcb:v _ fac:vdbd:v). (Al)
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